Abstract. It has long been open whether all pairs of proper decimations of l-sequences based on primes are cyclically distinct. By determining the nontrivial maximal autocorrelation of l-sequences, this paper presents a partial proof of the distinctness problem. Since the proof idea is completely different from former ones, the set of decimations that are known to be cyclically distinct is further enlarged. On the basis of convincing experimental data, the proof seems to ensure that more than 79% of l-sequences based on different primes satisfy the fact that every pair of proper decimations is cyclically distinct. In particular, a complete proof is provided for l-sequences based on primes of the form 2 · r + 1, where r is an odd prime number.
Introduction.
Feedback with carry shift registers (FCSRs) (see [1] ) are one class of promising nonlinear sequence generators which output precisely 2-adic expansions of rational numbers. It turns out that sequences generated by an FCSR share many of the important properties enjoyed by linear feedback shift register (LFSR) sequences. Reference [2] is a good introduction on FCSR sequences. The particular sequences of interest are called long sequences or l-sequences for they are in many ways analogous to the binary m-sequences. It is widely believed that l-sequences have very good pseudorandom properties, and research has been done on distribution properties, linear complexities, and correlation properties of them; see [2] , [3] , [4] , [5] , and [6] .
Let p be a prime number such that 2 is a primitive root modulo p. An l-sequence a = {a i } ∞ i=0 based on p is the output sequence from a maximal period FCSR with connection integer p. It also can be algebraically defined by (1) a i = (A · 2 −i mod p mod 2), i ≥ 0, where A ∈ Z/(p) is nonzero. Here the notation (mod p mod 2) means first that the number A·2 −i is reduced modulo p to give a number between 0 and p−1 and then that number is reduced modulo 2 to give an element in {0, 1}. The sequence a = {a i } ∞ i=0 is strictly periodic with period p − 1, and the p − 1 possible different nonzero choices of A ∈ Z/(p) give cyclic shifts of a which account for all the binary l-sequences based on prime number p. Again, it is just the 2-adic expansion of the rational number −A/p.
Recall that the ordinary cross-correlation C a,b (τ ) at shift τ of two binary periodic sequences a = {a i } (−1) ai+bi+τ . If the sequences a and b are the same, we call it the autocorrelation and denote it by C a (τ ). For many classes of sequences, these correlations are quite difficult to evaluate, and l-sequences are just one of them. Instead of directly evaluating the autocorrelations of an l-sequence, [6] investigated the expected value and the variance of them. It was shown in [6] that, asymptotically for large p, the set of autocorrelations of an l-sequence based on p which are greater than T 1/2 is a vanishingly small fraction of all T autocorrelations where T = p − 1.
An arithmetic version of the cross-correlation of two sequences was defined in [5] by generalizing Mandelbaum's arithmetic autocorrelations. If a and b are binary periodic sequences with the same period T , let us associate to a the formal power series α = Let vanishes. This theorem implies that if all pairs of proper decimations could be proved to be cyclically distinct, then large families of cyclically distinct sequences with ideal arithmetic correlations will be produced. However, this has turned out to be surprisingly resistant to proof. The following conjecture was made in [5] .
Conjecture 2. If p > 13 is a prime number, 2 is a primitive root modulo p, and a is an l-sequence based on p, then every pair of (distinct) proper decimations of a is cyclically distinct.
This conjecture has been verified for all primes less than 2000000; see [8] . Until now no complete proof of the conjecture has been reported in the literature as far as we know. But it is worth noticing that [5] , [7] , and [8] have made much progress toward proving it (refer to section 3 for more information), and for certain prime numbers p of the form p = 2 · r + 1 = 8 · q + 3 with r and q prime, it was shown in [8] that Conjecture 2 holds for sufficiently large p. On the other hand, we remark that the original version of Conjecture 2 made in [5] also involved the case of l-sequences based on prime powers, and such a nonprime case has already been completely proved by Xu and Qi in [9] .
The goal of this paper is also to prove Conjecture 2. We do not present a complete proof either, but we show a new possible way to tackle it, and so the known set of cyclically distinct proper decimations is further enlarged. First, we investigate autocorrelations of l-sequences based on prime numbers in section 2. The nontrivial maximal autocorrelation of an l-sequence is completely determined. Second, on the basis of the first result, we present a partial proof of Conjecture 2 in section 3. It is shown that Conjecture 2 is valid if the multiplicative order of 3 modulo p is not less than (p − 1)/4. Experimental evidence suggests that there are more than 79% of all different prime connection integers of l-sequences satisfying the additional condition. This immediately implies that Conjecture 2 is valid for more than 79% of l-sequences based on different primes. Moreover, it is proved that Conjecture 2 holds for prime numbers of the form 2 · r + 1, where r is an odd prime.
Throughout the paper, for positive integers a, b, and n, the notation "b ≡ a mod n" means the usual congruence, while the notation "b = (a mod n)" means b is equal to the nonnegative minimal residue of a modulo n.
2. Determine the nontrivial maximal autocorrelation. In this section, we work on the ordinary autocorrelation of l-sequences based on primes. Recall that an autocorrelation function at shift τ of a binary sequence a with period T is defined by
which measures the amount of similarity between the sequence and its τ -phase shift. At first, let us see the well-known complementarity property of l-sequences [5] .
Because of the complementarity property shown in Lemma 3, autocorrelation functions of l-sequences have the following distribution characteristic.
Lemma 4. If a is an l-sequence of period T , then
Proof. First, by the definition of autocorrelation functions, we have
for any 0 ≤ τ ≤ T − 1. Second, it can be deduced from Lemma 3 that
for any 0 ≤ τ ≤ T /2. It follows from (2) and (3) that
for any 0 ≤ τ ≤ T /4 . This completes the proof. This simple lemma will play an important role in the later proofs. Now by putting it here we want to show that except C a (0), C a (T /2) also takes on the trivial value T . The following Theorem 5 is the main result that we intend to derive in this section, which clearly states the nontrivial maximal autocorrelation of l-sequences based on prime numbers and what kind of autocorrelation functions can take on it. Before presenting it, we introduce a useful notation. For any prime number p > 3, let EL 3 (p) denote the greatest even number that is less than p/3.
Theorem 5. If p > 3 is a prime number, 2 is a primitive root modulo p, and
if and only if
Let a be as described in Theorem 5. From (1) we know that there exists an A ∈ Z/(p) such that A = 0 and
Since 2 is a primitive root modulo p, it follows that
For any integer 1 ≤ u ≤ p − 1, let us define
where "⊕" denotes addition modulo 2. By the above analysis, the autocorrelation function of a at shift τ can be written as
We remark that the trivial autocorrelations C a (0) and C a (T /2) correspond to u = 1 and u = p−1, respectively. Therefore, it can be seen that in order to proving Theorem 5 it is equivalent to proving the following theorem.
Theorem 6. If p > 3 is a prime number and 2 is a primitive root modulo p, then
Next, we make some necessary preparations for the proof of Theorem 6. Let p > 3 be a fixed odd prime for which 2 is a primitive root. It can be observed from Lemma 4 that
and so it suffices to consider only the distribution of |
Lemma 7. Let u be an odd number between 3 and (p − 1)/2. Then
where β = (p mod u).
, then
Generally, for any 1
Note that for k = u − 1
and so
Thus it follows from (7) and (8) that
Besides for different k and k , it can be seen that α 2k−1 = α 2k −1 . Therefore, in this case, we have
It can be deduced from (12) and (13) that
Note that
always holds, and so
is not more than β. Therefore, in this case, we have
It can be deduced from (12) and (15) that
This completes the proof.
The following corollary can be easily derived from the proof of Lemma 7. Corollary 8.
Lemma 9. Let u be an even number between 2 and (p − 1)/2. Then
where
and the equality holds if and only if u = (p + 1)/3 and p ≡ 2 mod 3.
It immediately follows from (19) that
which implies that
Then by combining the above analysis and (9) we get
Since the number of 1 ≤ h ≤ u−2 2 for which
is not more than β, by (21) we have
is not more than u − β, by (23) we have 
implied by Lemma 4. Let u = p − u and β = (p mod u ). Since u is even, it follows that u is odd. It can be observed that actually the proof of Lemma 
It can be seen from (26) and (27) that
and so (25) implies that
If p ≡ 1 mod 3, then it follows from (28) that
If p ≡ 2 mod 3 and u ≥ EL 3 (p) + 4, then (28) also implies that
If p ≡ 2 mod 3 and u = EL 3 (p) + 2 = (p + 1)/3, then, since
it follows from Lemma 4 and Corollary 8 that
The result of the following lemma is elementary, and so we omit its proof. Lemma 10. Let b be a positive integer and
We are now ready to prove Theorem 6. Proof of Theorem 6. First, note that the conclusions of Theorem 6 are trivial for prime number 5, and so p is assumed to be greater than 5 in the following discussion. Second, it can be seen from Corollary 8 and Lemma 4 that
Thus in the following it suffices to show that
Third, by (5) we know it suffices to prove (29) holds for integer u between 2 and (p − 1)/2.
If u is an odd number between 2 and (p − 1)/2, then by Lemma 7 we have
where β = (p mod u). It follows from Lemma 10 that (30) max
for p ≥ 36. As for 5 < p < 36, it is easy to verify that (30) holds by direct computing.
If u is an even number between 2 and (p − 1)/2, then Lemma 9 implies that 
In this case, let
Then it can be verified that Here we make a remark about Theorem 13. By characterizing the numbers of occurrences of certain bit patterns of a, (1) was proved in [5] , and so a (−1) is the first decimation proved to be cyclically distinct from a. Then [7] reported that the proper decimation a (d) was cyclically distinct from a if 1 < d ≤ p/2 8 (1 + log e p) 4 and also d = (p + 1)/2 as a special case. The latest results, say, (3) and (4), were given by [8] . Both [7] and [8] got their bounds by estimating certain exponential sums of analytical number theory. Moreover, in [8] , it was proved that, for certain p, Conjecture 2 held.
It follows from Lemma 4 that
Theorem 14. If p = 2·r+1 = 8·q+3 with p, r, and q prime, 2 is a primitive root modulo p, and a is an l-sequence based on p, then Conjecture 2 holds for p sufficiently large.
On the other hand, asymptotically for large p, [8] also showed that the collection of counterexamples to Conjecture 2 is a vanishingly small fraction of the set of all proper decimations.
Theorem 15. For any fixed ε > 0 there is a constant C 0 (ε) > 0 depending only on ε such that there are at most C 0 (ε) · p 2/3+ε decimations of an l-sequence a based on p that are cyclic permutations of a.
It can be seen that [5] , [7] , and [8] have made much progress toward proving Conjecture 2. In this section, on the basis of the results proved in section 2, we also provide a partial proof of Conjecture 2. Because our proof idea is completely different from those of [5] , [7] , and [8] , the results further enlarge the set of decimations that are known to be cyclically distinct, and for a large number of l-sequences, it is shown that every pair of proper decimations is cyclically distinct. A detailed comparison of our new results and former ones will be offered in subsection 3.3. 
Basic results.
Proof. If τ = 0, then the result is trivial. Assume τ > 0. On one hand, since d is coprime with p − 1, we have
On the other hand, since a (d) is a phase shift of a, there exists a positive integer v for which
Thus it follows that
This completes the proof. Next, we prove the main result of this section. Then it follows from Lemma 16 and Theorem 5 that
Again, Theorem 5 implies that
Taking (31) into (32) yields
a contradiction to the assumption that d + 1 and d − 1 are not divisible by ord p (3). This completes the proof.
Remark 18. If we use the other three analog equations from Theorem 5 apart from (31), they would lead to the same result.
In general, Theorem 17 does not yield a complete proof for all decimations. But if ord p (3) is large enough, a complete proof is still probable. For example, 3 is a primitive root modulo p. We make this explicit in the following statement.
Corollary 19. If p > 3 is a prime number such that both 2 and 3 are primitive roots modulo p, and a is an l-sequence based on p, then every pair of (distinct) proper decimations of a is cyclically distinct.
Proof. Since ord p (3) = p − 1, it immediately follows from Theorem 17 that a
is cyclically distinct from a for 1 ≤ d ≤ p − 3. The remaining case d = p − 2 follows from Theorem 13. This completes the proof. Experimental evidence shows that 3 is a primitive root for about 39% of all different prime connection integers of l-sequences. In addition, according to Heilbronn's conjecture (revising Artin's conjecture) that Hooley proved in [10] , it can be estimated that 3 is a primitive root for about 37.4% of all different prime connection integers of l-sequences, which provides a theoretical support to the validity of our data.
Besides such an extreme case described in Corollary 19, by Theorem 17, we can measure the number of counterexamples to Conjecture 2 for more general cases. (2) is a factor of (p−1)/2, a contradiction to the assumption that 2 is a primitive root modulo p. This completes the proof.
It follows from Corollary 23 that p− 1 is not divisible by 2 3 for a prime connection integer p of an l-sequence. Therefore, if ord p (3) is divisible by the greatest odd factor of (p−1), then ord p 
by Lemma 16. Then, for every odd number τ , it can be deduced from (34) and Lemma 4 that
that is, C a (τ ) = 0. Since 2 is a primitive root modulo p, it follows from Lemma 21 that (2 −τ mod p) runs through all quadratic nonresidues modulo p if τ runs through all odd numbers between 1 and p − 1. Therefore, the claim follows from the relation
and the analysis presented above.
Lemma 30. Table 1 shows the distribution of primes p such that 2 is a primitive root modulo p and ord p (3) is not less than (p − 1)/4. The first row of the table indicates the range of ordinary primes under consideration. Type I primes refer to primes for which 2 is a primitive root, while Type II primes refer to primes that belong to Type I with ord p (3) ≥ (p − 1)/4. The proportion of Type II primes in Type I primes is given by the last row of the table. With these data presented in Table 1 , it is reasonable to think that Theorem 32 implies that Conjecture 2 is valid for more than 79% of l-sequences based on different primes. Finally, we make a comparison between the main results proved in this paper and former progress obtained in [5] , [7] , and [8] on Conjecture 2:
1. no complete proof is provided yet; 2. the proof presented in this paper is relatively independent of former ones; 3. it can be seen that the range of d lack of proof implied by Theorem 17 has no direct relation with that implied by Theorem 13; 4. if ord p (3) > p 1/3 , then Corollary 20 provides a better estimation for the number of counterexamples to Conjecture 2, and the probability that a prime number p with ord p (3) > p 1/2 is very high; 5. the number of primes with a complete proof is larger in this paper, and
Theorem 32 provides a convenient way to check whether Conjecture 2 holds for certain large primes. Considering these differences, the authors of this paper thought there was a chance to completely prove Conjecture 2 by combining two distinct proofs offered by this paper and [8] , but, unfortunately, no breakthrough has been made.
4.
Conclusions. This paper presents a new effective way to investigate the distinctness problem on proper decimations of l-sequences based on primes. The problem was first observed and proposed by Goresky and Klapper when they were working on the arithmetic cross-correlation. It is shown that a large number of l-sequences satisfy the fact that every pair of proper decimations is cyclically distinct. Experimental evidence further suggests that such sequences account for more than 79% of all lsequences based on different primes. In particular, as for l-sequences based on primes of the form 2 · r + 1, where r is an odd prime, the distinctness problem is completely solved.
